We study the problem of two spheres approaching each other along their line of centres suspended in viscous fluid. By use of a bipolar coordinate system, we give, for the first time, the complete formula for the hydrodynamic interaction force between the spheres. We also rigorously derive the behaviour of the forces as the nondimensional separation goes to zero and infinity, reproducing known heuristic results relevant to a widely accepted lubrication theory. The results also hold for receding spheres and we recover the limit of a sphere moving perpendicularly to a plane.
Introduction
Hydrodynamic interactions between bodies immersed in viscous fluid have been shown to be important in modelling many complex fluid phenomena. Of particular interest for applications are suspensions of solid particles [7] , which exhibit highly non-Newtonian characteristics, posing great challenges in predicting the flow. For example, high volume fraction suspensions of cornstarch and other particles of micron sizes display a sudden increase in viscosity [11, 25] at low Reynolds and Stokes numbers, where a quasi-Newtonian constant viscosity is expected for hard sphere dispersions.
The hydrodynamic interactions also affect complex fluid behaviour across length scales. At the small scale the flow properties of suspended particles in emulsions and gels have historically determined their physical and chemical classification. In hemodynamics, blood is a suspension of platelets, white cells and high fractions of red cells in plasma, where fluidity and stability may be significantly altered during disease processes [10] . At the large scale, the formation of topographical features under sea water is due to turbidity currents, where both inertial effects and slow motion of the suspensions are important [1] . Meanwhile for small enough raindrop diameters, clouds may be modelled as a suspension of spheres in viscous fluid [33] .
Accurate numerical models are crucial to predict complex fluid phenomena and require the knowledge of the hydrodynamic interactions between the suspended particles when mutual interactions are non-negligible. Many widely used formulae for the hydrodynamic force on interacting spheres in viscous fluid, for example those in [23] , are flawed because the underlying calculations fail to properly satisfy both the velocity and far field conditions and, more crucially, the methods are intrinsically asymptotic. In such analyses, basic symmetry arguments in particle relabelling also remain unsatisfied due to the loss of information at the boundary condition transfer step at each order of the small nondimensional gap distance . The classical paper concerning two spheres in viscous flow is that of Stimson & G.B. Jeffrey [34] on which the results of the first few sections of this paper is based. Therein two drafting spheres are treated with a stream function derived from an earlier publication [20] . Not long after the publication of these exact results, Faxén produced a letter [12] giving a value of the hydrodynamic force on the two drafting spheres at contact. In [34] , as will be seen, we note two errata: for the first equation of their section 4, the factor inside the square parentheses −(1−µ 2 ) should be (1−µ 2 ), and in their equation (37), λ is defined as half the correct value. The results in both [34] and [12] have since been justified in experiments conducted by Bart [2] , and subsequently adapted to calculate the finite-size effects of a falling-sphere viscometer [26] .
The subsequent history of the mathematical treatment of viscous flow around two spheres can be divided into two classes: exact and approximate. In the exact class notable results were obtained employing bipolar coordinates to solve for the fluid velocity and hydrodynamic force, including that due to O'Neil [29] , considering the parallel motion of a sphere to a plane wall; O'Neil & Majumdar [30] treating the rolling and translating motion parallel to a stationary sphere in viscous fluid; Brenner, Goldman & Cox [16] studying the motion of two spheres settling under gravity; and finally Brenner & Cox [5] treating the motion of a sphere normal to a plane wall and considering the asymptotic limits at small gap widths. The asymptotic methods presented in this paper are analogous to those in [5] , also similar to a treatment by Hansford [17] but therein the work is based on constants determined by Brenner [4] .
In the approximate class lie techniques such as methods of reflections and lubrication theory. Notable publications are by D.J. Jeffrey [21] on which [23] is based, albeit with some algebraic errors not affecting the final result. A fundamental assumption shared by these formalisms is the choice of scaling ratio between the cylindrical coordinates z/r ∼ 1/2 defining a singular perturbation problem which has not been justified until the analysis in the present work.
Additionally, no previous 'exact' formalism [5, 16, 29, 30, 34] contains a satisfactory derivation of the hydrodynamic force as a functional of the centre to centre distance, which has been widely used in more modern studies, e.g. [31] for the motion of a sphere in viscous flow near a convex shell.
This paper presents a rigorous derivation of this functional form accommodating general boundary conditions, by novel construction of the solution of the problem of two non-identical interacting spheres. This is followed by an asymptotic analysis in both the small and large separation limit, showing good agreement with established asymptotic results. Finally, a useful way to numerically evaluate the functional for different sphere radii is provided (see the Supplementary Material) demonstrating the accuracy of the new asymptotic formulae of the present work over existing formulae for both intermediate radii ratios and the sphere-plane limit r 2 /r 1 → ∞. We therefore provide for the first time a truly exact solution for the hydrodynamic force on two unequal spheres, rigorously valid over the full range of interaction; and a more accurate asymptotic formula at small separating distance than that provided by the existing lubrication theory solution.
Spherical Bipolar Coordinates
Taking our lead from [34] , we note that the spherical bipolar coordinate system is a convenient setting in which to apply the correct boundary conditions on both spheres. We define a coordinate transformation from cylindrical coordinates r = (r, z, θ) to spherical bipolar coordinates q = (η, ξ, θ) by the relation
where θ remains unchanged, i = √ −1 and c > 0 is a geometrical constant. Every point in (r, z) space is represented uniquely in (η, ξ) space, so long as ξ ∈ [0, π], −∞ < η < ∞, θ ∈ [0, 2π). Expanding the cotangent and equating real and imaginary parts we have the relations
With these expressions for r and z there is a one to one correspondence between r and q except at the limiting points η = ±∞ where ξ is multivalued. Geometrically this occurs when the spheres are vanishingly small. As such, these points indicate the limit direction in which to obtain classical Stokes flow past a sphere. The surfaces η = constant are non-intersecting coaxial spheres with centres at the cartesian coordinates (r, z) = (0, c coth η) and radii c| csch η|. Denoting the centre distance from sphere i to the origin O by d i and its radius by r i , we identify the bipolar ordinates defining sphere 1 and 2 as
Note that η 1 > 0 and η 2 < 0. The geometry is summarised in Figure 3. 1.
Consider the steady incompressible Navier-Stokes equations governing the evolution of the fluid velocity u and pressure p in an unbounded domain Ω outside of the spheres:
where Re = ρ U L/µ for U a characteristic velocity, L a characteristic length, ρ the fluid density and µ the dynamic viscosity. Here ρ and µ are assumed to be constant. For axisymmetric flow the assumed existence of a stream function ψ permits (3.1) to be recast into the inhomogeneous problem
The differential operator L −1 is a member of a class of axisymmetric potential operators
, for which compact formulae hold. In particular, given a function f : C → C that is differentiable at the point ω = ξ + iη in some open subset of C, and a transformation z + ir = f (ω), by use of the chain rule and the Cauchy-Riemann equations for z and r, the Laplacian is given by
Here h is the metrical coefficient arising from the transformation between coordinate systems, defined by
and in spherical bipolar coordinates it is an elementary calculation to show that h 2 = c 2 /(cosh η − cos ξ) 2 . After setting k = −1 the first approximation to the flow around Re = 0 yields the biharmonic equation subject to two no slip and two no flux conditions
where the positive sign is taken on sphere 1 and the negative sign on sphere 2.
Solution in Spherical Bipolar Coordinates
To solve the PDE (3.3)-(3.4) it will be seen that is sufficient to write
This ansatz may be heuristically justified by reference to [32] wherein the appropriate combination of axisymmetric potential functions for similar problems is treated. As stated 'It may be surmised . . . that the optimal combination to be chosen as a solution for a specific problem will depend on the geometry of the boundary . . . on which [the boundary and far field conditions] must be satisfied. A combination suitable for one problem may be completely intractable for another'. Solving for ψ 1 , we refer to [18] , using the techniques therein.
Note that some references will define h as its reciprocal. 2 ) 1/2 P n (x) and
, and the principle of linear superposition, we have ψ 1 (ξ, η) = ∞ n=1 a n cosh(n + where a n , b n are arbitrary constants. A similar expression exists for ψ 2 . Manipulating further by substituting Bonnet's recurrence formula
we have a simplified form for ψ 1
where Q n := P n+1 − P n−1 . It is elementary to see that the Q n satisfy the ODE
and upon applying Bonnet's recurrence formula again to both P n+1 and P n−1 we see the Q n satisfy the recursion relation
Using equation (4.1) we construct ψ = ψ 1 + z ψ 2 as
We now describe how ψ may be written in a more convenient form. First notice that terms not multiplying cos ξ in (??) may be written as linear combinations of the hyperbolic functions cosh(n + With an expanded form, the summation is freely shifted so that cosh(n + ) . This produces a common factor of Q n (cos ξ) inside summation and we obtain the compact form
where R n (η) := a n cosh(n +
For later, we provide the following useful relations
and the orthogonality conditions for the polynomials
where δ ij is the Kronecker delta tensor.
Now that the stream function is in the form (4.4), we combine (3.4) with the expressions for r and z in (2.2) and rescale the stream function ψ ∼ U c 2 /2 ψ (immediately dropping primes), where U is the instantaneous sphere velocity, to obtain the transformed boundary conditions on sphere j
We proceed to find a n , b n , c n and d n by using orthogonality of the P n .
No Slip
In the case of no slip, using the formula for χ in (4.4) and integrating over the interval ξ ∈ [0, π], the sum and integral signs may be commuted using the dominated convergence theorem: Note that the truncated quantity
where the constant C m is independent of N . Writing x = cos ξ one obtains the integral
where we have used (4.8).
The integrals may be evaluated by considering the Newtonian potential
where
Using equation (4.6) with (5.2) we find on sphere j
where we have used (4.8). Distributing the sum we find
where we have made the substitutions k = k − 1 and k = k + 1 for the former and latter sums respectively. After applying the Kronecker deltas, we therefore find the equality
No Flux
A similar dominating argument to that above again permits the interchange of the sum and integral signs. Expediently the no flux condition may be obtained by differentiating through (5.4) with respect to η j to find
Linear System
With the boundary conditions in hand we define the right hand side vector
The unknowns a = [a n , b n , c n , d n ] T are determined by inverting the system of equations M a = f , in particular
Note that M = (m kl ) is defined explicitly in the Supplementary Material, and we have defined
These coefficients are distinct from those found in [34] . Note that the method here is generalisable in the boundary conditions, demonstrating the utility of the coordinate system. A corollary of the present result is that the following calculations are valid for receding spheres, since the change in boundary conditions is equivalent to the permutation of two rows of M , which amounts to a change in the sign of det M and thus a global sign change on a n , b n , c n , d n .
The Force Experienced by the Spheres
Happel & Brenner [18] give an exact expression for the force on a sphere in terms of the stream function in cylindrical coordinates, namely
where µ is dynamic viscosity, S is a meridian line of the sphere and ds is an infinitesimal arc length measured in radians so that the resulting force is measured in Newtons. We calculate (7.1) by first proving the following lemma.
Lemma 7.1. In spherical bipolar coordinates, assuming the summand decays sufficiently quickly to permit the interchange of the summation sign and two derivatives in ξ and η, the nth term of the integrand in (7.1) (before applying the normal derivative) takes the form
Proof. We take (4.4) and directly calculate r
By writing x = cos ξ and performing the ξ derivatives explicitly we have
Using these results and rearranging, one recovers (7.2), proving the lemma.
To proceed further we provide the line element of (7.1) in bipolar coordinates.
Lemma 7.2. The infinitesimal line element of the integral (7.1) has the explicit form r 3 ds = −c
(cosh η−x) 4 dx. Proof. This is a simple consequence of the curvilinear coordinate transformation. See the appendices of [18] for details and note that the only contribution to the line element is along dξ. Using (2.2) and substituting x = cos ξ one obtains
Upon writing sin 2 ξ = 1 − x 2 we obtain the stated result.
Finally the normal derivative in bipolar coordinates is determined with the following result. Lemma 7.3. In spherical bipolar coordinates the outward normal derivative is given by
Proof. This follows from the definition of the normal derivative, n · ∇ q , the expression of the gradient operator (see [18] ), and the fact that n = −η.
For the remaining calculations we find it useful to define the quantity w n (η), which is obtained by fixing η ∈ (−∞, ∞) for each n ∈ N:
where the signs are chosen according to each sphere. We will also need its first three derivatives:
Remark 7.4. The first few derivatives of w n (η) are
The purpose of these expressions is to allow us to give explicit forms for certain integrals:
(cosh η−x) p/2 may be written in terms of linear combinations of the derivatives of w n (η). In particular for the first few p one has
Proof. By Remark 7.4, the derivatives of w n are listed in terms of I p/2 thus by elementary calculation one may obtain the explicit expressions.
We are now in a position to calculate the force given by (7.1):
Lemma 7.6. The force experienced by either sphere can be written in the form
where the f i are a linear combination of the derivatives of w n (η).
Proof. Starting with Lemmas 7.1, 7.3 we differentiate the result (7.2) termwise with respect to η. Multiplying by r 3 ds, as in Lemma 7.2, and integrating over [−1, 1] defines intermediate results g j , j = 1, . . . , 5. Finally we collect like powers of (cosh η − x) in these g i to obtain the f i . For ease of notation, we reformat (7.2), the five terms of which correspond to the five g i , respectively:
Computing h −1 ∂ η (·) for each of these terms is straightforward, but we make the following remarks. For the third term, it is useful to rewrite cosh η = −3 cosh η + 4η in the numerator. For the fourth term we use the ODE (4.2) to write Q n (x) in terms of Q n (x). For the fifth term, we retain Q n (x) and use integration by parts when later computing the final form of g 5 . With these in mind, we have
As above, we note that the expression for g 5 contains Q n (x) and a little more care is needed with this term. We first integrate by parts, giving −c
The integrals on the right hand side of (7.6) are not all yet proportional to w n (η) or its derivatives due to the powers of x present in the integrand. To proceed we use the recurrence relation (4.3) and an elementary corollary, namely
so that the final integral is given by
Collecting like powers of (cosh η − x) in the integrands of the g j we may define the f i
By Lemma 7.5, it is clear that the f i may be written as linear combinations of derivatives of w n (η).
We now have the following main result: Theorem 7.7. The dimensional force experienced by either sphere is given by the expression
(2n + 1)(a n + b n + c n + d n ), on sphere 1 (7.7)
Proof. The result follows by redimensionalising the stream function, substituting the explicit formulae in Lemma 7.5 and the expression for R in (4.5) into Lemma 7.6 and simplifying significantly.
Note that nowhere in the proof of Theorem 7.7 have we assumed anything about a n , b n , c n , d n thereby demonstrating the generalisability of the formalism to alternative choices of boundary conditions. We also observe that the signs of the functional F z are reversed when compared with [34] due to the present choice of boundary conditions.
Small & Large Argument Limits
We divide this section into two subsections: nondimensional separation going to zero and to infinity. First we identify a small parameter.
Small Parameter Taking care that η 2 < 0, we have by the geometric properties of the bipolar coordinate system
where d is the centre to centre distance of the spheres. The equations (8.1) constitute a coupled pair of transcendental equations in η 1 , η 2 . The determinant of the Jacobian associated to the system (8.1) is always positive because sinh(η 1 − η 2 ) > 0 and, given d, r 1 , and r 2 , may be solved using a Newton iteration scheme. In the case r 1 = r 2 we may find η 1 (and η 2 ) explicitly. As d approaches r 1 + r 2 one obtains
Noting that r 1 + h + r 2 = d, the system may be solved with = β where = h/r 1 and β = r 2 /r 1 . Thus we see, with an abuse of notation, by setting a = r 1 and b = r 2 that the gap distance may be written in terms of the average of the radii: a = η 2 1 (a + b)/2. This illuminates the relationship between the present small parameter η 1 and the lubrication theory small parameter and [21] .
Small Argument Behaviour
We would like to examine the singular behaviour as d approaches r 1 + r 2 for unequal spheres. Firstly it will be seen that the limit |η j | 0 for both j = 1, 2 may not be commuted with (7.7), (7.8) because a divergent series is obtained despite (for physical reasons) the limit being well posed. This limit of the infinite series is hereby treated as a matched perturbation problem of Van Dyke type [19] , whereby two series overlap in a shared regime of validity. We consider sphere 1 (a similar method can be applied to sphere 2), let N be a large positive integer and nondimensionalise F 1 z . We now write F 1 z = F s + F r with
(2n + 1)(a n + b n + c n + d n ),
With this decomposition the difficulties arising in the limit η 1 → 0 may be avoided with proper care of the asymptotic parameter, summation index n and the introduction of an intermediate variable in the shared regime of validity between F s and F r . For the remaining calculations we set α = η 1 , η 2 = −β −1 α and proceed rigorously to the small limit by proving the following two lemmas, which is a parallel analysis to the asymptotic results of [5] .
Lemma 8.1. The singular part F s may written as
Proof. Starting with F s we write all the hyperbolic functions as power series in α obtaining
One may sum f 1 by expressing its summand in partial fractions and telescoping the resulting expression (1+β) 3 as N → ∞. Now notice that f 2 may be rewritten into the form
By use of the identity
we may sum (8.7) explicitly. Notice that the last term on the right hand side of (8.8) is repeated from contributions to f 1 . Observe too the identities and summing between n = 1 and N and telescoping we obtain
as N → ∞. Now for F s all that remains is to order the error estimates. Returning to the decomposition (8.3) we observe that N is large and chosen such that in the shared regime of validity N = O(α −1 ) for the singular part, and N = O(α 0 ) for the regular part. Since the former estimate holds for all n ≤ N we must have N → ∞ as α → 0. Also by taking α to zero the tail F r vanishes and F s is an ever better infinite series approximation of F z 1 . Note that the integer N is arbitrary and must not appear in the final form, but it is permissible that F s and F r may depend on N on their own. Typical of matched asymptotic problems the index N is implicitly a function of α, the natural choice being N = δα −(1−θ) for some 0 < θ < 1 with both δ, θ independent of α. With this N lies in the overlapping region and increases as α decreases what is more, we have
. Finally note that O(α) is higher than o(1) with respect to α and may be neglected. Thus
and lemma is proved.
Lemma 8.2. The regular part F r may be written as
where C is a constant depending on β and X = N α is a fixed intermediate variable as α → 0.
Proof. The key idea here is to transform F r into a Riemann sum and hence to approximate it by an integral. Here the summation index is getting larger while α is going to zero so it is natural to introduce the intermediate variable x = nα where α → 0 with x fixed making n → ∞. With this F r takes the form
Expanding the summand for x fixed and α small one obtains
(8.12) where
Note that the summand is implicitly indexed by n through the variable x. Note also that α = (n + 1)α − n α = x n+1 − x n =: δx. Thus
where X is the intermediate variable defined such that N is the positive integer first less than X/α. thus α → 0 implies X → 0.
Referring to Euler-Maclaurin [22] one has
where B m is the m th Bernoulli number. It is now of importance to know the behaviour of the the function l(x) := f /g (x) at x = 0 and x = ∞. It is not hard to see that l(x) → 0 as x → ∞ due to the presence of the fourth exponential power in g(x). Now as x → 0 one has
Therefore limiting the summation (8.13) to the integral via Euler-Maclaurin one has
where we have deemed the boundary term at infinity and terms of high order derivatives of l(x) at infinity negligible, the latter of which may be justified by the persistence of the term exp(4kx) in the denominator at the k th derivative of l(x). Additional terms in the regular expansion F r may be obtained by considering the terms l (k) (X). Since X → 0 as α → 0 it is natural to decompose the integrand in (8.16) its small arguments, and the presence of log 2 in (8.10), suggests cutting the domain of integration as follows
The third and fourth integrals in (8.17) are evaluated as
For the first two integrals, note that
Thus upon defining the constants (depending on β)
all the expanded leading terms of F r have been integrated. It is elementary to show that both C 1 and C 2 are finite. For C 1 , the contribution proportional to x −3 converges on [1, ∞] and l(x) decays exponentially as x → ∞. For C 2 , we have the power series expansion as x → 0
(8. 19) Therefore j(x) is a continuous function at zero, moreover it is continuous on a closed interval and hence there must exist a finite bound M > |j(x)| so that C 1 < M . Therefore taking all the contributions together and with X = N α fixed
as α → 0.
With these two lemmas in hand we may formulate the following theorem.
Theorem 8.3. As α → 0 from above the force on sphere 1 is given by
Proof. By combing the results of Lemmas 8.1 and 8.2 one sees that by writing log N = log X − log α the log X terms cancel. Similarly with X = N α the O(N −2 α −2 ) terms cancel leaving the final expression for F as α → 0.
Corollary 8. 4 . In Eulcidean units the force on sphere 1 reads
where where
A comparison between the exact and asymptotic formulae presented here and the lubrication theory [23] is summarised in Table 1 and Figure 8 .1 by defining the 'lubrication theory' formula F z := 2
log . We have truncated this expression to log(·), omitting terms equal to and higher than log because they are based on the expansion of a stream function at r = ∞ without proper control of the convergence of the resulting integral used to compute F z . The exact solution as well as its interpolant (see the Supplementary Material) produces a hydrodynamic force varying smoothly between the small and large argument limits, as seen in Figure 8 .1a for two equal spheres. The force calculated from the asymptotic formula (8.21) deviates from the exact solution and becomes unphysical at large separation, as expected. However, we observe that our asymptotic formula F * z agrees to the exact formula F 1 z for distances up to one radius r 1 meanwhile F z agrees with F 1 z only for distances less than one tenth of r 1 .
We also demonstrate the applicability of the exact and asymptotic formulae to unequal spheres of various size ratios in Figure 8 .1b, 8.1c and 8.1d respectively. In each of these figures h = d − r 1 − r 2 is dimensional. We remark that in Figure 8 .1b we see the magnitude of the force on either sphere for different radii ratios and note that as α → 0 the forces are equal and opposite, that is once the curves are scaled by the same Stokes' constant they collapse onto each other for all r 2 /r 1 > 0. This may be seen by repeating the analysis of Subsection 8.1 on sphere 2; one finds
The force magnitude, however, increases as the radii ratio increases, Figure 8 .1c. The relative error for the present asymptotic formula in Figure 8 .1d (8.20) improves monotonically as r 2 /r 1 becomes larger. This was observed to hold for ever larger ratios (not shown for clarity).
Large Argument Behaviour
We note that for large separations it is sufficient to consider the symmetric case η 1 = −η 2 =: α, since by the inner analysis the force quickly decays for surface separations α not small. To this end we consider the asymptotic behaviour of the series Nondimensional Hydrodynamic Force 
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(c) The force on sphere 1 for different radii ratios r2/r1 ≥ 1. Exact (solid), Fz (dashed-dot) and F * z (dot). A comparison of formulae for the force varying radii ratios and surface distances h with relative error. For exact unequal spheres (8.1) was solved numerically to obtain corresponding η 1 , η 2 ordinates before summing the functionals (7.7), (7.8) truncating the infinte series to within machine precision. and t n (α) = 2(e α − e α(4n+3) ) + (2n + 1)(e 2α(n+1) − e 2αn ).
We observe that the limit of the summand as α → ∞ exists for each n and the resulting series can be dominated by a second convergent series, thus the limit and the sum may be commuted, giving
Expanding the summation in (8. 22) we have 6(e 2α −1)
and upon taking the limit η 1 → ∞ the sandwich theorem gives the required result.
Reduction to a Sphere and Plane
The limit of the second sphere radius tending to infinity r 2 → ∞ is a plane wall. It is of interest how the present theory compares to existing formulae for the slow motion of a sphere perpendicular to a plane wall. Consider the formula (8.20). Assuming the limit exists one obtains [5] by a total factor of two, originating from the motion of the plane. All that remains is to study C 1 + C 2 under the limit β → +∞. Observe that
which is precisely the integrand for the numerical constants [2.43] of [5] . Therefore, up to a multiplication and errors of order O(β −1 ), the sphere-plane limit is recovered exactly as β → +∞.
Computational Impact
Beyond the obvious application in dilute suspensions where pair particle hydrodynamic interactions dominate, we expect that the derived formulae can be implemented to all numerical methods that incorporate the existing lubrication models and improve the simulation accuracy, in particular for dense suspensions. We discuss, as examples, the potential application and impact to a few different types of numerical methods.
For methods solving particle dynamics using Newtonian equations, the new formulae can be used to directly compute the hydrodynamic forces. Instead of using the existing formulae (F z ) with an arbitrary outer cut off [27] , implementing either the exact F 1 z or the asymptotic F * z formulae could better capture the hydrodynamic interaction between 10 −1 r 1 and 10 0 r 1 , as seen in Figure 8 .1a. This is expected to improve suspension viscosity predictions, compared to using F z , which underestimates the viscosity especially at moderate concentrations [27] .
Computational formalisms which use the closed asymptotic formula F z inline can be trivially updated with the new asymptotic formulae F * z , meaning the applications of the presented results may also extend more generally to, e.g., lattice Boltzmann method [28] and Stokesian dynamics (SD) [3] . SD takes into account singular lubrication interactions by making use of the explicit formulae F z between pairs of close particles without considering the lubrication many-body effects, thus forgoing the large number of degrees of freedom required to resolve the lubrication flow of the interstitial fluid between particles. The missing many-body effects are considered in a more recent work [24] by decomposing the velocity field into a singular flow containing the short-range lubrication interactions and a remainder field which is regular and dealt with using a chosen fluid solver. Such methods may seek to use the present stream function ψ for the decomposition. Meanwhile new approaches [36] have been proposed to overcome unphysical results in pairwise lubrication models due the lost screening effects provided by neglected long-range hydrodynamic interactions. The present work can determine the deficit in lubrication beyond the critical interaction radius used in these methods.
Lastly, for continuum approaches such as dynamical density functional theory [15] , the inclusion of long range hydrodynamic interactions has been shown to produce qualitatively different colloidal fluid flows beyond arbitrary time rescalings of systems without hydrodynamic interactions. So far the physical phenomena included in the governing fluid equations has extended to: inertial colloids with long range hydrodynamic interactions [14] , systems of multiplespecies [13] and particles with angular dependence [9] . Thus we expect natural numerical implementations of the present formulae to include lubrication interactions in the DDFT modelling formalism.
Finally we remark that the rate of convergence of the force asymptoting to unity at infinity will depend on r 2 /r 1 , as seen in Figure 8 .1b, and therefore we anticipate the novel study of bulk flow properties using the F 
Conclusion and Open Problems
We have presented a new formula for the hydrodynamic force exerted on two converging spheres in viscous fluid in a functional form, as well as asymptotic formulae as the spheres are close, showing good agreement with the exact value even at centre to centre distances of O(1). By construction, the derivation of this functional form provides the way for consideration of alternative boundary conditions. For the asymptotic results, the small argument limit newly derived shows better agreement with the exact solution compared to that from existing lubrication theory. The sphere plane limit may also be recovered more accurately. There are many promising extensions which may naturally be made to the theory presented here such as: alternative boundary conditions to model slippery particles and the shearing motion of two spheres converging perpendicular to their line of centres akin to [16] . The former is generally important in liquid spreading problems [6] , in particular in [35] it has been shown from molecular dynamics simulations of Newtonian liquids that there exists a nonlinear relationship between the amount of slip and the local shear rate of fluid at a solid surface.
